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Abstract. This paper deals with the path-independent integrals 
in nonlinear 3-dimenSiOna fracture dynamics. Some path-inde- 
pendent integrals have been worked out. 
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INTRODUCTION 
Rice (1968) proposed the famous J-in- 
tegral in 2-dinensional nonlinear 
elastic fracture statics. Since then, 
an attractive fracture criterion has 
been formed on the basis of this in- 
tegral. We have 
Fig. 1. 
Where W is the strain energy density, 
r is an integration path&around the 
crack tip (Fig. I), and T is the 
traction-vector along r. Recently, 
Ouyang (1982) proposed some new 
path-independent integrals in nonli- 
near fracture dynamics, but they are 
all for the 2-dimensicnal case. 
In this paper, we consider the path- 
independent integrals in 3-dimension- 
al nonlinear fracture dynaoiics. Non- 
linear elastic and elastic-plastic 
case are discussed, and new path-in- 
dependent integrals are worked out. 
It is shown that this integral is re- 
lated to the dynanical crack exten- 
sion force. Thus, they may serve as 
a fracture criterion in 3-dimensional 
nonlinear fracture dynamics. 
CRACK PROPAGATION IN 
NONLINEAR ELASTIC 
MEDIA 
Let us consider the nonlinear elastic 
case firstly. Suppose there is a 
plane crack x in a three dimensional 
body, as shown in Fig. 2. For dyna- 
mical problems, we have the equations 










is the stress tensor, Xi Is 
the body force per unit volume, inde- 
pendent of x,y. p Is the density, xi 
is rectangular Cartesian coordinates 
and t is the time. Let S be surface 
around some part of the crack border 
(Fig. 21, we may have the following: 
Theorem 1. The vector integral 
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is path-indenpendent for any surface 
S around some part of the cr_ack bord- 
er and any t,> toa 0. Here n is the 
projection of outer normal 3 of S m 
x,g plane. T is the operator ib/ax 
+j a/as. 
Fig. 3. The vector 
The strain energy density 
W I_( bij deij 
and e ij, the strain tensor. 
netic energy density 




and vi = aui/at is the velocity. The 
domain V is a region bounded by S and 
crack surfaces. (Fig. 2) 
The proof is similar to the 2-dimen- 
sional case (Ouyang, 1982). and will 
not be given here. 
For a surface S varying with t, S = 
S(t), we propose the following: 
Theorem 2. The integral 
is 
S(t 7 
ath-independent for any surface 
around some part of the crack 
border and t,> to'/ 0, here ai IS the 
acceleration a'uJ.W. 
CRACK PROPAGATION IN BLAS- 
TIC-PLASTIC MEDIA 
In the plastic range, the one-to-one 
correspondence between bij and eij iS 
no longer valid, so the strain energy 
density W will lose its clear meaning 
if stress history is not specified. 
To avoid this difficulty, we consider 
another integral 
+[Jvp 6ij Vii dV+~f\(i?~idV]~ (9) 





For Prandtle-Reass materials, we have 
w,=t/2~b,e~,+6,,e~~t~~(re,OI)) (11) 
VP is the plastic region within sur- 
face S (Fig. 4). 
Fig. 4. Plastic Region V . 
P 
Now for the elastic-plastic case of 
crack propagation we have 
Theorem 3. The integral r4 is path- 
independent for any surface 9 around 
some part of the crack border and 
t,) to& 0 in the case of elastic- 
plastic crack propagation. 
For a moving surface S(t), we may 
easily shov the following: 





ath-independent for any surface 
around the crack border and anv 
t; >- to>/ 0. Here V, a region bounded 
by S(t) and crack surfaces, UT is the 
elastic displacement. 
Y-INTEGRAL AND THR DYNAMICAL 
CFUCK EXTENSION FORCE 
Consider a body with a plane notch, 
as shown in Fig. 5. In tba boundary 
5th ICMM 
(4 (b) 
Fig. 5. Crack Extension 
Force. 
SF of the body the traction Ti is gi- 
ven. Suppose this notch extends a 
small distance Aa along its normal fi, 
at A in x, y plane, we shall write 
down the work done by the applied and 
internal forces in this crack exten- 
sion process. 





where 6.ui are the increments of dis- 
placements in the crack extension. 
The work done by the applied body 
force consists of two parts: 
a). The work done on the shadoued re- 
gion AV, released during crack exten- 
sion: 
b). The work done on the region V-AV. 
It equals to: 
The work done by the internal forces 
also consists of two parts: 
a). The one done in the region AV. 
It equals to the elastic strain 
energy released during crack exten- 
sion: 
AA'=-iy VJe dV 
b). The other one is: 
A A”= J- v--Iv 6;6 Ae;j dv 
A eiJ is strain increment during crack 
extension. 
The crack extension force G at A is 
obtained by the following: 
gAbA& = A&t AAgctAA~2-(AA'iAA") 
90, 
From (lo), we see that as At&l, 
Thus, we have 
(16) 
This relates the Y-Integral and the 
dynamical crack extension force. 
From (14). as ob-o, we get: 
Here, curvert is shown in Fig. 5(a). 
As the width of the notch tends to 
aero, we get 
Gnb=$;io 
(18) 
zhiz means that the average value of 
33 
/ nb along the crack border gi- 
he 3-dimensional dynamical crack 
extension force. Thus, it may be 
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served as one nonlinear dynamical 
fracture criterion. 
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